The purpose of this communication is to report on some recent progress in the problem of constructing quasi-exactly solvable Hamiltonians on two-dimensional Riemannian manifolds, 5].
generating algebra" to construct models for complicated molecules whose point spectrum could be analyzed algebraically. Independently, Turbiner, Ushveridze, Shifman and their collaborators were led to de ne a class of spectral problems which they called \quasi-exactly solvable", 14] , 16] , 12] , and which we now describe. with constant coe cients C ab , C a , C 0 of rst-order di erential operators
ai (x) @ @x i + a (x); 1 a r; spanning a nite-dimensional Lie algebra g. If, in addition, g admits a nite-dimensional module N of smooth functions, then H is said to be quasi-exactly solvable. Obviously, if N is k-dimensional then one can obtain k eigenvalues (counting multiplicities) of the Schr odinger operator H with their corresponding linearly independent eigenfunctions by computing the spectrum of the nite-dimensional linear operator obtained by restriction of H to the k-dimensional vector space N. Finally, if the eigenfunctions of H obtainable by the procedure just outlined turn out to be square integrable (i.e. if N L 2 (R n )), and thus represent true bound states of the system, we shall say that H is normalizable. The Lie algebra g is to be thought of as a \hidden" symmetry algebra for the quasi-exactly solvable problem, whose presence underlies the partial solvability of the spectral problem. Notice, however, that g is not a symmetry of H in the traditional sense, since H is not required to commute with the generators J a , 1 a r, of g.
The class of all quasi-exactly solvable second-order linear di erential operators T(x) in R d is easily seen to be invariant under the mapping
where is a di eomorphism. The transformation (1) has the key property of preserving the spectral problem associated to the second-order di erential operator T(x), i.e. if (x) is an eigenfunction of T(x) with eigenvalue then the \rescaled" function (z) = e (x) (x) is an eigenfunction of T(z) with the same eigenvalue. Thus (1) de nes a natural equivalence relation amongst quasi-exactly solvable second-order di erential operators. (However, that (z) need not be square integrable; see 4] for a thorough discussion of this problem in the one-dimensional case.)
The general procedure to be followed in order to classify all quasi-exactly solvable
Hamiltonians under the equivalence relation (1)|a re nement of Levine's 10] original problem of classifying Lie-algebraic Schr odinger operators, which, in view of the above remarks, seems more interesting for the applications|is quite clear in principle, although the di culties involved in implementing it in practice are enormous. See 5], and references therein, for an account of the present status of this problem. The solution of the equivalence problem for second-order di erential operators is relatively straightforward, 9] , 3], and it leads to an essential distinction between the onedimensional and the higher-dimensional cases. Indeed, in one dimension every second-order di erential operator is locally equivalent under (1) to a Schr odinger operator up to a sign, whereas this is no longer true in more than one dimension. The conditions under which a second-order di erential operator is equivalent to a Schr odinger operator are quite strin- Consider, in the rst place, the Lie algebra g = sl(2) sl(2) spanned by the rst-order di erential operators J 1 = @ x ; J 2 = @ y ; J 3 = x @ x ; J 4 = y @ y ; J 5 = x 2 @ x ? n x; J 6 = y 2 @ y ? m y;
where the parameters n and m are restricted to taking positive integer values. The subspace N of the polynomials of degree no higher than n in x and m in y is then a g-module. One can then show that the Hamiltonian (2) with Riemannian metric and potential given by g 11 = (1 + x 2 ) (2 + x 2 ); g 12 = (1 + x 2 ) (1 + y 2 ); g 22 = (1 + y 2 ) (2 + y 2 ); 8 V = ?y 2 ? (1 + 2 n) ( Finally, let g be the Lie algebra spanned by the rst-order di erential operators J 1 = @ x ; J 2 = @ y ; J 3 = x @ x ; J 4 = x @ y ; J 5 = y @ y ; J 6 = x 2 @ x + r x y @ y ? n x; and J 6+i = x i+1 @ y ; 1 i r ? 1;
if r > 1, n being a positive integer. This non-compact Lie algebra, which is isomorphic to the semidirect product of gl(2; R) with a (r+1)-dimensional abelian ideal, admits the nitedimensional module N spanned by the monomials x i y j with i+r j n. The Hamiltonian is shown in 5] to be normalizable and quasi-exactly solvable with respect to g, provided that the parameter is large enough. Let us remark that the metric g in this case has constant negative Gaussian curvature = ?A. Furthermore, since the potential V does not depend on the cohomology parameter n, the above Hamiltonian is exactly solvable in the sense of 14]. Notice, lastly, that the potential is also independent of r. We have thus constructed an exactly solvable Hamiltonian associated to an in nite number of inequivalent Lie algebras of arbitrarily large dimension r + 5.
